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ABSTRACT

The report deals with orthogonal polynomials on a finite
number of points where orthogonality is defined by

N
> ROBMIW =0 o 4y
k=/
Part I derives a relation between the sets of orthogonal polynomials
) F,(N+I) ~)
R’ (x) and ¢ (X) where R (X) are orthogonal polynomials

(N+i}
on {Xk Ik-l,..., ‘V} and P‘_ (x) are orthogonal polynomials on
{Xle="|u'N}UX~.p| hd
P&rt II derives an algorithm for polynomial least square fit

using the results of Part I. )
;ju#;of



PART I

1.1 Definitions and Basic Formulae

The polynomials
{ P (x) | degree of Pzt 20,1, m]

are called orthogonal relative to a weight function v (x)>O
on the set {x,} k=1,..., N} if they satisfy the relation:

N
(1) Z P, (x) B (X )w (%) = 0 fCHd
k=1

Given the set {XK) kzl,...,N} with {Wk= wixyg)>o0 |k-l,...,bl}

the relation (1) determines the polynomials up to a constant factor.
Through out this report the factor will be determined such that

the coefficient of the highest power in P.(x) is one.

By the relation (1) the vectors
A= (P, Perg), o, P C))  , Ceoam

build an orthogonal set in an N-dimensional vectorspace. Since
there are maximum of N linearly independent vectors: T}(x)‘ SZN'
must be zero vectors.

In particular

N
P, ()= TT (x-x4)
k=1
(2) :
Po(x) = Rulx) @y (x) for s>N

The orthogonal polynomials satisfy the recursive relation

(3) Poxy= (x-o) Poyx) - B R (x) c=1,2,..,N
with ‘P_‘ :O ) 1)0 T ‘

where




N 2
Z Xy [P-_, (X“.)] W,
w=1

(4) d; = Y] Py L= 3,2,...,&'
Z [R‘-l (x")] Wi
kai
N
an R--.(xn)‘Pc-g_(xK) wg .

(5) (3.2 K"N (::.-2)..,

Z [R‘-z (xk)jzwn

=1

If (3) is multiplied by R(X)W(x) and summed over K, by
orthogonality we get:

N N
Z [R (x*)}zwk = g X« Pt‘-u(xu) 13.. (X ) &

K=t

~ 2
and by (5) = (3;“ Z {R._.(xk)] Yy

K=

By repeated use of this equation we have:

N ot

2
(6) Z {E (x,)] W, = Tr 0,
Kt £

if we define:

N N
(7 p = > " (x.,;]z»rk = D w,

K=l Wz |

From (6) follows that {’J‘JO ’ §=12,..




1.2. _Calculation of the Orthogonal Polynomials

Once the set of points with the corresponding weights

ixw‘n“‘u | e=tyes, N}
is given, using (4), (5) and (3), the
orthogonal polynomials {1{(x)|c=0J,“.Jv} can be determined.

In this report, we derive an other formula for the orthogonal
polynomials which is based on the incrementation of the number of
points.

Let

_X:‘ = {(xknww) \ - \)2»"%"’}
be the set of points with weights and

X U (XNH ) W )

The corresponding orthogonal polynomials are noted as:

_"'“"N*‘

(N+1) .

Py, R, 80,

Theoren, ]
(N+i)
With the above notation, P (X) can be expressed as
) - ] ~7)
(N+) ) R ("w.) 13 (xNﬁ) P (X)W Nt

(8) P‘: (x) = 'P‘; (") - Z J’+'

Z‘ Pfﬁ,(x“flﬂ %." J'; 0 (b
J-’O W= «

T ™
ket (C: |,2.,..., l\'\.)

(N+1) (~)

©

Proof
C) )
? (") can be expressed as a linear combination of P x), 3 O0,1,..



)
where 'P (x) has coefficient one since we normalize
the polynomials with the coefficients of x' = | . Multiply

the above equation by 'P“('x)w(x) ;4<¢ and sum over X N - Ve
get

1 N+ +1) (N+t)
Z 'P(u(;:))? ('”(xk)wg = Z ?CLN (xk)P (x“)w ? (xllﬂ) P ("m:) w'lﬂ

k=i

N 2
= —CJ' Z [‘PJ'W)(X“)] W
ket

™)

by the orthogonolity of H (x).
(N+i)

From the orthogonality of 'P (x)

N+|

Y P o B () i =0 (4<+)

()

)
R (%uar) E (x"*l) Wy
SO

(~ z
5 R xa)
w=1
(N+1) N)
k) B ) Wy
T

T (5('))

w
K=\
by (6). Inserting this to the original equation, we get

(9) (V) (,, ) e (N()"nﬂ) ’ )(x) Wy
P,"M’(x)= Px)y— P () Z

Pl
g < (N)

1T p,

K=l

]

(§20,1,.,571)




(N+1)

At X=X,,, We can express P. (Xnet)
(10) (N+1) ‘P,‘-w,("'un)
P._- (Xnet) = o p” 3
vy ARC I
430 ﬁ ™
ot ¥

(N+1)
(9) and (10) give the desired expression (8) for P\; (x).

With the following notations:

(11) ,P‘-("'(xﬂﬂ) MTNH
AN IS - §=0,1,..., -1
) $+l ) vV )
T 0,

sl

N}
'P.; (fon) (N+i)

— =P
| + Z Ai E'(N)(xuﬂ)

© (xtlvl)
40

(12) €.

I

(,. ® '12,...’!}‘,

We can write (8)

(13) (Ufl) (N) -1 ¢(~,
P Py - € 2 AR ()
=0

* (™

LlrlIZ,...,m/




Theorem 2

In the recurrence formulae of the orthogonal polynomials

~ o ) n) . ()
?.:c ’(") = (X-—o(__( ,) ‘P*:'* (x - {sf p\:-'z. (x)

(N+1) (Nu)

’P:.M‘(x) = (x- “.?nﬂ)'P.(:ﬂ,(X) N {.’J". ,Pc—z (x)

c=1,2,...

(W) (N+1)

P

bl |

(N+)

,pLN\‘R s‘

(&

the recurrence coefficients satisfy the following relation:

() ) .
(14) ds. - x‘: = E\.‘ AC‘! - 6\:“ Ab.-z J L= llz; ey M
fbwﬂ ‘ + EC‘l A.‘-l
(15) —_ = ﬁ:z’b.,..,m
) )
{3" ‘ + &C‘Z AL\'Z

and corresponding to (7)

(16) p(hlﬂ) - @.(N) + UJN.’_‘




Proof

(13) can be rewritten by the recurrence relations

(x- 2 ") Py = T x)

c-1 )

:(x-o( )’P ') - ?2()_ECZA¢-E- (x)
1“0
(N+1) )
and by using (13) again for 'PM and -2
v + (”“)
e R0 = o e T 870 = B R
J =0
+ (du Z A (x)
‘-0
c-
) (v)
o (e P - e L) - € 2 A E ()
xsa

()
From the recurrence relation of ‘P

w (v}
P B + o B0+ i R )

We get the above equation in linear terms of
N () (N+t) )
(& ot ‘) b-.m N (SR IS ) Z a B
k=0
) (N} () (N) .y CN)
Z Ay [?&" &) + o‘d'ﬂ 'P* (x) + J‘+)l ? (xj‘l
40

(ma, ZA? () _ (bL.W) - ZOA ? (x‘) - 0

k=0




(n)
Since ?‘ x), 1=Cv, ., 01 are linearly independent, in
the above homogeneous equations, the coefficients of ’R.“”(x;

have to be zero
Thus for g=¢-i

(N) (NQ-OJ

oL . - oL EA. — E A =0

- -~ [ [ § (] v

from which (14) is proved.
For J'-c-z we get

N) . (V) (vt
. {bL - @f" N + 6~'Ac-2 - E..'-n ( A~'3 *At"io(‘:" Bt A

L o4

By the definition of Aa.and 54' , (11) and (12)

,P(Nl

- ("m. ) wuﬂ

e )
AR

(N} ) (W) — (V)
(XNN - °‘c-| )’Ps‘«z. (an) - ,/5;4 P\, -3 O‘vr.)
= - (N) wN"l
o,

K=t

1 AN
) QNQ [(XNH-‘XE ')AC-Z - A.‘-s

‘ and E. = ?_

Nri) ) (N1} _ (N+)
= ¢ (xi\)n) = (fol.— X, ) 6;4 {b» E‘ -2

>



we get

) v )
{b..‘w [‘ + €A ] = (bt“ K [I +&adi,

which proves (15)

From (14) and (15), by repeated summation and product we get

(NHI (N)
(17) Z ( = €, A.;-l
' o {2)(«'“‘,
(18) l ’ ‘:“' = I -+ E&-_' A"\_‘
3" i £y

(N+t)

(x).

1.3 christoffel-Darboux Formula and Properties of P

The Christoffel-Darboux formula states that

$+l - Vel

so T Be TT[.’)K t - X

k=l Kel

imt)ﬁm_ | RL®Rm-P(IR, x)

and with 1t —» x

[ % m]
Z df‘ Y]

| w.um-Pm P.00]
=0 TT[.’> 17 /3,
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where ' denotes differentiation.
With the help of these formulae we may rewrite (10), (29},

(17) and (18):

— (N}

I (xm-t) = 0.
Nt (AI) (Nl
I * v - [P (XNH, Mn }? N" (XN"!]

v = ‘l 2' <y l\l
(Ufl\ (Nt 'P.UJZ;’ )Mo (N,(x) P(N,(th )""P‘, (x“ ) ‘P ()()
P k) - Plo - —
(20) ¢ (x) -
TT b X = X

L Y}

(20a) 'TD(N'd = |

(<]

(N}

P ( Mn) P (xllrl) Myplf,

u‘") _(Al)
(21) Z (g =4 )

(v (~)

‘fT{bl(:) Wie) I_PW ("MH)'P *'( Xyed = R( (xml)P (X4ye)
K=t

]
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(N41) (N)
(22) ———(5" = |+ [P (x....)} B
) i vt — 0t
l:’ Ib_l [ ] rbk + rl) LKdH) r--'},&\dﬂ)g P_u \\\lry)’ ~\l (x'ﬂvl }

W} C-t

. ‘P‘;--‘ (x(dn) W] 7,
=] + — Z (o, - o )
() )
(\)}_ E..;(xhlw,) &=t

Lemma 1

-

l P‘WM (%) } £ | P, . l("un)

(No\] (NI
Sign ? (xpey) = Stgn ‘P‘ (xuer)

Proof
This relation follows directly from (10).
Lemma 2.

o . w1 -
‘PS“H)(X) = ,\3\:\ ,(") 4 and oniy of P‘.L (xuﬂ)= O

~

Proof
-~ W) (Nrej
If x4, 1is a root of P;(X) then by (19) = (Xwer ) = U
(Nri} (N)
and by (200 P (x)= R (x)

(N+i) ™
if Pc (x)z?- '(X) then (20)




M)

o)) L (X)R "(x H)-E-, (X)P (ws)
E‘ *(xrl-n) - -

il
Q

X - XMH

for all =x. At X=X, the fraction

() ) (wt
Lem P (")f.-. (Xotps) = ..-x (") P (“:«) -,—,— w3 Z L & ("m)J
&'

X —Xx
X = Xy M+ 17
&30 wnt /3’4(

(N#i1) Wy
thus 12 (X,,,,) must be zero. And by (19) ’Pg (Xnei) =0

Lemma 3
(1
Let the roots of P (x) be

5. < | T <%,

Then the roots of 'T-?_.(w”(x) are located as follows:

(N+1) .
1. if Xy, = 5S¢ then 7’,. x) = P"%x)
2. if Xuu F Sic , k=1,2,. ¢ , then
W+
if “ﬂ¢(}x.}xﬂ) then ? (X) has one root

in ( E“ i SWrI)

Nel) .
If xm‘e("ﬁmfu..) then ?L-‘" (X) has two roots, one in
each of the intervals (%, X.,.) and (Xwei) Suri)

Proof
Case 1 is proved by Lemma 2

Case 2 By (20) we have

N+t P
PG - =

(%

(lin'

My )
G P2 Crum) P (%)
-Frfﬁr’ Ty = X

4! y=lz

and by Lemma 1



_ (]
Lo <}J")

E" - xN-fi

(Cadd)

sign F. (%;) = segn

™) w
Since the roots of PC-. (X) and ? (x) are nested

{ > v -
we have 5«.'9!1 P._, (f') - - 5'—9” 7?-: (?i“)
and stgn ‘Pw’(§ )= - sign R t‘(w(}l'- E)
with 0 <€ <%, -%,,
If Xt 4 (Sknskf‘) then
) v
w) ' PL‘-t ( . P"" ( /)’
cign ,e( (§)= Stgn ———=~ 3") = = sign t (Surr)
T ™ Xt Ser = Xwey

) .
thus R (X} has a root in. (¥u 1 ¥,ei)-

If x;Mle (fﬂ"}kﬁ) then

(”J o7
sign P. W“)(}k) - Sdgn B (B (3“) = Sign ______(f“')
‘Ek = X Sk#i - xNﬂ
( Nti)
= SLgn < (Emn) = Sdgn P (3«'-) = - Sign ‘P‘ ,(Ea«." 6)

(Nt}

= - Sc'an P “, “4.,) e SLgn pl, (xﬂf|)

W+1)

thus E (x) has roots in (% .*w.) and in (Xuei 1 Sieni )

14




PART II.

2.1 Polynomial Least Square Approximation
R Sl /SO I . - ,
Let YP.- g v 00, "“} be the orthogonal set of polynomials

over i": V= bnn, "’} with weights W, . Given the set of
points {lx¢ ,4c)l ®:1,..,N} of a function H(x) then the m-# degree
polynohial

m

(N) w)

(23) futy= 2 ¢ Pl

Cro

.approximates Y(x) such that

W 2
Ey = 2 LY«- ?“'("*a Wie
ws= |

(24)

is minimum for all possible m-#. degree polynomials.
The coefficients in (23) are

N N
) N)
- E Y R (XYM, 2 Y« Pc (Xe) Wy

(25) C. = %5 = —=

- w
Z; [Rm x.‘)]z"*’g Tr (b;“)

(24) may be written as

N m g ! Y
(26) E,= 2 MHew, - Z[(c:;) 'U"[?)‘u]
s ‘=0 ¢

Given a new point ( Xy, 4wei) Wél;}':}} weight Wy, the
new set of orthogonal polynomials P ) can be generated

by (14), (15). The new least square coefficients are ¢ (V%
- Y,
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Then

N
i WNet) (N#1)
- s = W) [ZH"‘P“ o) * My B O ) Wy
| 77T per L

&

N (w)
—('+EA)Z‘1K?; (xk)wk]
- [ 5 k:‘

-l W
N . ™)

' > 4 P D 4

by (13) = —— ‘QKP. (X YWy ~ e‘_. Z‘AJ e R ("b)“’h

Y -rr”' wey L ito Wit
=1
fbi
4! W]

+ 4, P )Wy - Z‘itP ("c)‘“’ - €4 Z‘itp ("n)“’t]

k=t

Olet)

w. e [%M.P () Wy, — €. Z.A Z 4 P L) ]

J

Finally by (11) and (25)

(27) |
) w) P("ﬂé"a: )My - < ()
(N - ', 4 . ")
e — o = 2 & Bl |
Tl'(b‘“"’ 40

&=t



Nti el eI\ T bt (W41
E - Z ﬂgz“’dc - Z_ [(C“( ') —U: (5" | ]
(28) e ! 2o ‘

2 m (v} '1:.':-' 6(01) (Nu|)'7- 1‘.'_"» 0 (N+1) ]
Ev * Yuu Wy, + Z ‘[(r“—' ) }J, i N (C.; b Iy
vEo

4

2.2 Numerical example

For a large number of points, the point-wise generation of
the orthogonal polynomials and least square coefficients gave very
good numerical results,

The following table contains the results of 3 methods with N = 110
points,

Method 1 calculates the orthogonal polynomials for N points by (3),
(4) and (5) and the least square coefficients by (25). All operations

are in single precision.

Method 2 calculates the same way as Method 1.
but it uses double precision arithmetic for calculation of the

sums required in (4), (5) and (25).

Method 3 uses pointwise generation as described in Part I and
Part II with single precision arithmetic.




TABLE

Method 1 Method 2 Method 3

.5045 4535 .5045 4545 .5045 4535
.5042 7809 .5042 7781 .5042 7802
.5036 6794 .5036 6822 .5036 6831
.5026 3852 .5026 3823 .5026 3834
.5012 5722 .5012 5753 .5012 5769
.8499 4689 10 1| .8499 4642 10™' | .8499 2578 107t
.6827 9868 10”1 | .6827 9986 10”1 | .6827 9930 107t
.6621 7871 10" 1| .6621 7729 107! | .e621 7695 107t
.6567 7349 10 1| .6567 7495 107! | .6567 7424 107t
.1727 5155 10 .1727 5160 10 .1727 5148 .10
.1698 7021 .10 | .1698 6992 .10 .1698 7004 .10
.8430 3060 .8430 4804 .8430 4877
.2797 1388 .2797 8422 .2797 8262
.7031 3640 .10 Y| .6972 7859 .107! |6972 5276 1071
.1509 3968 .10 Y .1391 0134 .10"Y|.1388 1274 .107!
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APPENDIX

Interpolation by Orthogonal Polynomials

When the number of points is less than the degree of the
fitting polynomial, we have an interpolation problem. Further-
more formulae (19), (20), (21), (22) and (27) define the new
recursive coefficients and polynomials when the previous ones
were given. These formulae may be extended the following way:

W W) .,

For N points, the values of ., [5 c=i,2,... N
are given. With the given new point ( Xws:« 4n. ), the new coefficients
<" p¥*) can be calculated by (19), (21) and (22) for i=1, 2,

v ' %

..., N. The last coefficients can be calculated from

N

wti) el v
(29) Lyey = Xnri T z (= o)
J.“
(W) ~
(30) [b(“’") H (xwer) R (Xnei) Wy
N+t -

(N+i)

T

(w+1)
using (19) for Py (xwe). ver)

The least square coefficients, C. |
from (27) and

(- 0,(..., N can be calculated

w¥it)
Cer

(31)

The least square coefficients are now interpolating coefficients.




